Betti numbers of mixed product ideals 



Giancarlo Rinaldo 

Abstract. We compute the Betti numbers of the resolution of a special class 
of square-free monomial ideals, the ideals of mixed products. Moreover when 
these ideals are Cohen-Macaulay we calculate their type. 
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1. Introduction 

The class of ideals of mixed products is a special class of square-free monomial 
ideals. They were first introduced by G. Restuccia and R. Villarreal (see [5] and 
[7]), who studied the normality of such ideals. 

In [3] C. lonescu and G. Rinaldo studied the Castelnuovo-Mumford regularity, 
the depth and dimension of mixed product ideals and characterize when they are 
Cohen-Macaulay. 

Let S — K[x,y] be a polynomial ring over a field K in two disjoint sets of 
variables x = (xi, . . . , a;„), y = (j/i, . . . , ?/,«). The ideals of mixed products are the 
ideals 

IqJr + IsJt, q,r,s,t eN, q + r^s + t, 
where 7/ (resp. Jp) is the ideal of S generated by all the square-free monomials of 
degree / (resp. p) in the variables x (resp. y). We set Iq = Jq = S. By symmetry, 
essentially there are 2 cases: 

i) L = IkJr + IsJt, 0<k<s; 

ii) L = IkJr, fc > 1 or r > 1. 

Let ¥ be the minimal free resolution of an ideal /: 

F: O^Fp^ >Fp_i^ >Fo^I^O 

and let F, = (B Si-j)!^-^ . 
j 

We want to calculate the Betti numbers, when / is a mixed product 
ideals. 
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To reach this goal we consider S/I as a Stanley-Reisner ring (see 1 , Chapter 
5), we calculate the Alexander duality of / and we use the Hochster's formula (see 
[I], Chapter 5.5 or [SI, Chapter 1.5). 

In section [5] we calculate the dual of the mixed product ideal Iq and IqJr- 
Hochster's formula give us a powerful tool to calculate Betti numbers of the 
resolution of a squarefree monomial ideal /. For this reason we have to calculate 
/* and the homology of the chain complex of the simplicial complex A* related to 
/* (section O. 

In the last section as an application we compute the type of Cohen-Macaulay 
mixed product ideals. 

2. Alexander duality of mixed product ideals 

We recall the following (see [S], Definition 1.35): 

Definition 2.1. Let / = (x"\ . . . ,x"«) C A'[x] K[xi, . . . ,Xn] be a square-free 
monomial ideal, with — (a^i, . . . , a^^J G {0, 1}". The Alexander dual of / is the 
ideal 

1=1 

where itIq. = {xj : ai- = 1). 

Proposition 2.2. Let S = K[xi, . . . , Xn], Iq C S with 1 < q < n. Then 

T* T 

^q — ^n—q+l- 

Proof. Let Iq = (x^^ • ■ -Xi^ '■ ^ l£ ii < ■ ■ ■ < iq l£ n), we consider Iq as a Stanley- 
Reisner ideal of the simplicial complex A, that is 

/g=/A = (x":r^ A), 

where t — {ii, . . . ,iq} and x'^ — Xi^ • ■ ■ Xi^ . 

This implies that the simplicial complex A is pure and its facets are all the 
facets of dimension q ~ 2, that are a = {ii, . . . ,iq-i} with 1 < ii < 12 < . . . < 
iq-i < n. 

We want to calculate A* = {t : r A}. If we consider a simplex ct S A 
such that \a\ < q — 1 then a U {i} G A. Therefore to obtain a minimal non face 
of A we have to consider a facet in A and add a vertex not in the facet. That is 
r = {ii, . . . , iq}, with 1 < ii < i2 < ■ ■ ■ < iq < n. 

Therefore t = {i'^, . . . with 1 < i'j^ < • • • < i'^-q < n, are the facets 

of A*. The minimal non faces of A* are {i[, . . . ,i'n^q+i} and its Stanley-Reisner 
ideal is 

IA' = {x^'^ ■ ■■Xe^_^^^ : 1 < i'l < • • • < 4-9+1 <n)= In-q+l- 

□ 
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Proposition 2.3. Let S ^ K[ Xi, . . . , Xm 2/1; ■ • ■ J 2/m]; {Iq ~\~ Jr) C 5 With 1 ^ Q ^ Tl, 
I < r < m. Then 

Proof. Let 

Iq + Jr^ (.Til • • • a;^, , • • • yj,. ■■ ^ < ii < ■ ■ ■ < iq < n,l < ji < ■ ■ ■ < jr < m) , 
by Alexander duality we have 

a«+^r.)*-(n<^-)n(nn/5), 

a f3 

where rriQ, — {xi-^ , . . . ,Xi^), np — {yj^ , . . . , By the coprimality of m and n we 
obtain 

a [3 a 13 

and by Proposition 12.21 we have the assertion. 

□ 

Corollary 2.4. Let S = K[xi, . . . ,Xmyi, ■ ■ ■ ,ym], IqJr C S with 1 < q < n, 
1 < r < m. Then 

Proof. By Alexander duality (/*)* = /, therefore the assertion follows by Propo- 
sition [231 □ 

Remark 2.5. We observe that in general the class of mixed product ideals is not 
closed under Alexander duality. In fact 

{IqJr + Is'h)* = I-n-q+l + In-s+lJrn-r+l + Jm-t+1, 

with 1 < q < s < n, I < t < r < m. 

To calculate this duality we observe that 

{LgJr + IsJt)* = (p|(ma+n^;))n(p|(m^+n5)), 

a. [3 7,(5 

where ma = {xi^, . . . , XiJ, = (j/j^ , . . . , J, = {xi'^, . . . , XfJ and = 
By Corollarv l2.4l we obtain 

(Pi m„ + n^) n (Pi + ns) ^ {^n — q-\-l Jm — r-\- 

a,f3 7,(5 

and since In-s+i 3 I„-q+i, Jm-r+i 3 Jm-t+i we have the assertion. 
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3. Betti numbers of mixed product ideals 

Let K he a, field, S — K[xi, . . . , x„] be a polynomial ring, I C S, and let F be the 
minimal free resolution of the ideal /. Then 

F : Q^Fp^ > Fp_i >Fo^I^O 

with Fi — ® S{—j)^'' . We want to calculate the Betti numbers, (3ij, when / is a 
j 

mixed product ideals. 

Lemma 3.1. Let S = K[xi, . . . Iq C S with I < q <n. 

/3.(/,) = A,,+,(/,)- + *>o. 

Proof. We observe that Iq has a g-linear resolution (see Example 2.2, [3j) therefore 
the Betti number of each free-module in the FFR of Iq is 

Let I A — Iq, where A is the simplicial complex defined in the proof of Propo- 
sition [2T2] By Hochster's formula (see Corollary 1.40, [5|) we have 

Pi,q+iilA) ^ ^ Pi.ajlA) = dimg g.i_i(linkA' ja'; K). 

\a\—q+i ~o 

By the symmetry between simplices in A of the same dimension, we obtain 

diniA' (linkA- (ct; if) = ( " . ) dimA' i/^-i (hnkA- (cto; K) 
V + V 

where (Tq — {1, • • ■ ■ 9 + G A, ctq = {g + « + 1, . . . , n} £ A* and (^",.) is the 
number of simplices of dimension g + z — 1 in A. 

Since /a* — In~q+i (see Proposition [521) the facets of A* are {ii, . . . ,i„_g}, 
1 < ii < . ■ . < in-q < JT-, therefore 

linkCTo = {{l,...,z},...,{Q + l,...,g-l-i}}. 

The chain complex of link cto is 

^ a_i ^^^^ . . ^ Co ^ c_i ^ 0, 

where dim^- Cj = (J^^) 1 i = 0, . . . , i — 1. 

It is easy to observe that iij(linkA» (ctq; K)) = 0, for = 0, — 2, since it 
is the "truncated" chain complex of the simplex with q + i vertices, (Tq. Therefore 
we need to calculate dimA:(iii-i(linkA« (ctq; if)) = ker9i_i). 

We want to show that dim^- ker(9j_i = (''^j^^) ^'^'^ make induction on 
the length of the exact sequence of vector spaces, j, 

^ kera,_i ^ C,_i ^i^' ...hc^h C_i ^ 0. 
For j = 1 we obtain 
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0^kcr(9o ^Co * C_i ^0 

and 

dimx ker Oq ~ dim^ Cq — dim^f C_i = q + i — 1 

as expected. 

Let dimif ker (?j _ 1 = (^^*^^)- We consider the short exact sequence 
keidj Cj -i ker9j_i 0, 

and since 

we obtain the assertion. □ 

Theorem 3.2. Let S ^ K\ Xl, . . . , J/l, . . . , J/m]; IqJr C S With \ q ^ TL, \ < 

r < m. Then for i > 0, we have 

f n \ f m \ f q + j — 1\ f r + k — 1 

j+k—i 



q + jj\r + kj\ j J \ k 



Proof. Since IqJr has a {q + r)-hnear resolution (see Lemma 2.5, 4 ) the Betti 
number of each free-module in the FFR of IqJr is 

l^ii^IqJr) — f^i,q+r+i{IqJr\ 

Let I A = IqJr, by Hochster's formula we have that 

Ptq+r+iilA) = ^ Pi,a{lA) = ^ diuiK ^i_i(linkA- {a; K). 

\(y\=q+r+i 

Let deg a bidegree on the ring S ^ K[xi, . . . ,Xn,yi, . . . , Um], where deg(a;i) = 
(1,0) and deg(yj) = (0,1). 

It is easy to observe that the number of squarefree monomials in S of the 
same bidegree (q + j, r + k) is 



+ i J yr + kj 

By the symmetry between simplices with the "same bidegree" in A, we 
fix iTo = {3^1: ■ • ■ J Xq+ji 2/1 1 • ■ • i Ur+k} and its corresponding Alexander dual ctq = 
{xg+j+i, . . . , x„, Ur+k+i, • ■ • , Um} G A* and calculate 

dim/f (linkA* (ctq; K), 

with i = j + k. 

By Corollarv l2.4[ I a* = In-q+i + Jm-r+i, and the facets of A* are 
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1 < zi < . . . < in^q < n, 1 < ji < . . . < jrn-r < therefore 

linkCTo = {{xi, ■ ■ ■,Xj,yi, . . .,yk}, ■ ■ -Axg+i, ■ ■ ■,Xg+j,yr+i, . . .,yr+k}}- 
Let ax = {{xi, . . . ,Xj}, . . . , . . .,Xq+j}} and let 

: ^ Q_i ^i^' ...^^Co^ C_i ^ 0, 
the chain complex of a^, let ay = {{yi, . . . , j/fc}, . . . , {j/r+i, . . . , yr+k}} and let 

C, : ^ Ck-i . . ^ Co ^ ^ 0, 

the chain complex of ay. 

It is easy to see that the tensor product of the two complexes, ® Cj, , is 
the chain complex of link Wq ■ 

Therefore _ffi_i(linkA* (o'o; with i ^ j + k, is isomorphic to ker9j_i (g) 
ker9fc_i, and from Lemma l3. li the assertion follows. 

□ 

Theorem 3.3. Let S = K[xi, . . . ,Xn,yi, ■ ■ ■ ,ym], {IqJr + IsJt) C S with < g < 
s < n, Q <t < r < m. Then 

(3,{IqJr + IsJt) = m^Jr) + msJt) + P^-l{IsJr). I > 1- 

Proof. We consider the exact sequence 

^ S/IsJr ^ S/IqJr © S/IsJt S/{IqJr + IsJt) ^ 0. (3.1) 

We want to study ToTi{K, S/{IqJr + IsJt))i+j- By the sequence p.ip we 
obtain the long exact sequence of Tor 

> ToT,{K, S/IsJr)r+, ^ Tor, (i-T, S/IqJr © S/IsJth+j ^ 

Tor,{K, S/{IqJr + IsJt)h+j ^ Tor,_i(if, S/IsJrh+j ^ • • ■ 

^ Tor,_i (i^, S/IqJr © S/IsJt)^+3 ^ Tor,_i (if , S/IsJrWj -> • • • 

We observe that 5/ {IkJi) has a (A; + Z — l)-linear resolution therefore the Betti 
number of each free-module in the FFR of S/IkJi is 

P^{S/IkJl) = ^i^.k+l+^-l{S/IkJl). 

This implies that if j ^ {q + r - 1, s + i - 1, s + r - 2}, ToiilK, S/IqJr © 
S/IsJt)^+J - and Tor,_i(X,5//,J,),+, = 0, that is 

TOT,{K,S/{IqJr+IsJt)h+j =0. 

Therefore we have to study the following cases: 

1) j^s + r-2; 

2) j = q + r-l; 

3) j^s + t-1. 
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We may assume q + r > s + t. 

1) Let j = s + r-2. Then Tor,{K, S/IsJr)t+j = and Tor,_i(i^, S/IgJr © 
S / IsJt)i+j = 0. Therefore we have the exact sequence 

^ Tor,(i^, S/IgJr ® S/IsJt\+3 ^ 

^ Tor,(K, S/ilqJr + IsJt))^+3 ^ Tor,_i(i^, S/lM+j ^ 0. 

lis + r — 2>q + r — Iwe obtain 

Tor,(if, S/{IyJr + LJt)h+j = Tor,_i(i<r, S/hJr^+o, 

and to finish we have to study degree 2) and 3). 

If s + r — 2 — g + r— 1 > s + that is degree 1) and 2) coincide, we obtain 

dim^: Tor,;(iv:, S/ {IqJr + IsJt))i+j = 

dim_ft: ToTi{K, S/IqJr)i+j + dim/f Tori_i(A', S/IsJr)i+j, 

and we have to study degree 3) to finish. 

lis + r — 2 = q + r — l = s + t + l, that is cases 1), 2) and 3) coincide, 

diuiK TOTi{K, S/ {IqJr + IsJt))i+] = dim^ IoTH^K, S/IqJr)i+j + 

+ dimx Tori(ii', S/IsJt)i+j + dim^f Tori_i(ii', S/IsJr)i+j, 

and this case is complete. 

2) The case j = q + r — l = s + r — 2 has been already studied in case 1), 
therefore we assume j — q + r — 1 < s + r — 2. We obtain the exact sequence 

^ Tor,(i^, S/IqJr © S/IsJt\+, ^ Tor,(/^, S/{IqJr + IsJt)\+, 

and we continue as in case 1). 

3) This case is similar to 2). 

The assertion follows. □ 

Remark 3.4. For completness we compute the Betti numbers of (/^ + IqJt + J,-) 
(see Remark l2.5l) . That is 

(3,{Is+ IqJt + Jr) = + m^Jt) + P^{Jr) + ^-l{IqJr) + P:-l{IsJt), I > 1- 

To prove this is enough to observe that (Ig) n {IqJt + Jr) = hJt + IsJr ~ hJt and 
we have the exact sequence 

^ S/hJt ^ SIh ® SI {IqJt + Jr) ^ S/{I, + IqJt + Jr) ^ 0. (3.2) 

To obtain the assertion we continue as in the proof of Theorem 13.31 
4. Cohen-Macaulay Type of mixed product ideals 

Let if be a field, 5* = K[xi,... ,x„] be a polynomial ring, I C S a graded ideal. 
We consider 5*// as a standard graded if-algebra. 

We have the following (see j7j. Proposition 4.3.4): 

Proposition 4.1. Let S/I he a Cohen-Macaulay ring then the type of S/I is equal 
to the last Betti number in the minimal free resolution of S/I as an S -module. 
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In [4] we classified the Cohen-Macaulay algebra S/ 1 when / is a mixed prod- 
uct ideal. From now on we say CM for short. 

Proposition 4.2. Let S = K[xi, . . . ,Xn,yi, ■ ■ ■ ,ym\- 

1. Let < q < n then S/Lq is CM with dim S/Iq — m + g — 1; 

2. Let < q < n and < r < m then S/ (IqJr) is CM if and only if r — m and 
q = n with dim S/ /„ Jm = m + n — 1; 

3. Let < q < s < n and < r < m then S/{IqJr + Is) is CM if and only if 
s = q + I and r — m with dim S/ {IqJm + Iq+i) = m + q ~ 1; 

4. LetO < q < s < n andO < t < r < m then S/{IqJr+IsJt) *s CM if and only if 
r — m, s — n, t = m—1, q = ri— 1 with dim S/ (In-iJm+InJrn-i) = m+n—2. 

Proof. See Proposition 3.1, Theorem 3.2 and Corollary 3.8 of [4], and observe that 
a CM ideal is unmixed. □ 

By the results of Section [3] we want to calculate the type of the CM algebras 
classified in Proposition [42l 



Proposition 4.3. Let S = K[xi, . . . , Xn], Iq C S and 1 < q < n then 



type Sjlq = 



n — q 



Proof. By Auslander-Buchsbaum Theorem (Theorem 1.3.3, [T]) and Proposition 
121(1), we have 

pd S/Iq — dim S — depth S/ Iq = dim S — dim S/Iq = n — q + 1. 

By Lemma [3?T] and observing that Pi{Iq) — (3i+i{S/Iq) we have 

n - 1' 



type{S/Iq)=P^-q + l{S/Iq) = 



From now on let S = K[xi, . . . , Xn, yi, - ■ ■ , Z/m]- 
Proposition 4.4. Let S/Iq Jr be a Cohen-Macaulay algebra then 

type S/IqJr = 1 

with q — n, r — m. 



□ 



Proof. By CoroUarv 14.21 f2). we have that S/IqJr is CM if and only if IqJr is a 
principal ideal and the assertion follows. □ 

Proposition 4.5. Let S/{IqJr + Is) be a Cohen-Macaulay algebra then 

typeS'/(/gJr + /.) = 
with s = g + 1 and r ~ m. 



n — qj \n — q — I 
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Proof. By Proposition 14.21 f3). we have that S/{IqJr + Is) is CM if and only if 
s = q+1 and r = m therefore by Theorem 3.2.(2) of [4J 

dim5/(/qJ„i + Iq+i) ^ m + q - I. 

By Auslander-Buchsbaum Theorem we obtain 

pd S/ (IqJni + Iq+i) = dim S - dim S/{IqJ„t + Iq+i) ^n-q + 1. 

Applying Theorem 13.31 with i ^ n — q, s ^ q + 1, r ~ m, we have 

l3n-q+l{S/ {IqJm + Iq+l)) — Pn-q{IqJm) + fin-q{Iq+l) + Pn~q-l{Iq+lJin) ■ 

Since the pdS'/J^+i = n — q,we have that pd/^+i = n — q—1, that is Pn-qilq+i) = 
0. 

Therefore 

Pn~q+l{,S / {IqJm = Pn-qilqJm) + f^n-q-l{Iq+lJm) , 

and by Theorem 13.21 

It is easy to see that for A: > the summands in (}n-q{IqJm) and in j3n-q-i{Iq+iJm) 
vanish. 

If A; = we obtain the assertion. □ 
Proposition 4.6. Let S/ {IqJr + IsJt) be a Cohen- Macaulay algebra then 

type S/{IqJr + IgJt) = m + n - I, 
with q — n — I, r — m, s = n, t = m — 1. 

Proof. By Proposition 14.21 (4). we have that S/{IqJr + IsJt) is CM if and only if 
q — n — 1, r — m, s ^ n, t — m — I, therefore by Theorem 3.2.(2) [5j 

dimS'/(/„_i Jm + InJm-i) = m + n - 2. 

By Auslander-Buchsbaum Theorem we obtain 

pdS/{In-iJm + InJm-i) dim 5 - dim S"/ (/„_ i + /„ Jm-1 ) = 2. 

Applying Theorem 13. 3i with i = 1, q = n — I, r = m, s — n, t — ni ~ 1, we 
obtain 

h^S/ (/„_! J„i + InJm-l)) = Pl{In~lJm) + l3l{InJm-l) + Po{InJm)- 

We observe that /„ J,„ is a principal ideal therefore Po{InJm) ~ 1- 
By Theorem 112] 

ft(/„-«^ E^^(„_j^J(„.^,)( ^ )[ , )■ 
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Mw„-.,.Ej„:,)U-7..)("i-0C""'r-')- 

It is easy to sec that for fc > the summands in f3i{In-iJm) vanish. For j > the 
same happens to /3i(/„Jm-i)- 
Therefore we obtain 

(32{S/{In-lJm + InJm-l)) = n- l + m- l + l. 

□ 

Remark 4.7. We observe that the mixed product ideal that are Gorenstein (e.g. 

CM ring of type 1), are: 

1. K[xi,...,Xn]/In\ 

2. K[xi,...,Xn]/{xi,...,Xn)--, 

3. K\x\., . . . ^XniVli • ■ • iyrn\/ InJm- 
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